THE LIFTING METHOD

Catherine Bénéteau, Caroline Haddad,
David Ruch and Patrick J. Van Fleet

Center for Applied Mathematics
University of St. Thomas
St. Paul, MN USA

PREP - Wavelet Workshop, 2008

% UNIVERSITY of ST. THOMAS

SATURDAY, 7 JUNE, 2008 (LECTURE 9) THE LIFTING METHOD PREP 2008 1/10



TODAY’S SCHEDULE

TODAY’S SCHEDULE

9:00-10:15 =-Lecture Nine: The Lifting Method
10:15-10:30 Coffee Break (OSS 237)
10:30-11:45 Lecture Ten: JPEG and JPEG2000
11:45-12:00 Evaluations/Wrap Up

12:00-1:00 Lunch (Cafeteria)
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TODAY’S SCHEDULE

OUTLINE

ToDAY’S SCHEDULE
THE LEGALL TRANSFORM

EXPLOITING SYMMETRY
Mapping Integers to Integers

LIFTING
Basic Construction
Inversion
Integers To Integers
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THE LEGALL TRANSFORM

» The (5, 3) biorthogonal spline filter is
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THE LEGALL TRANSFORM

» The (5, 3) biorthogonal spline filter is

V2232 V2 VB . VBB R
B 4 4 4 8 TR

5

h=(- )

» For use with JPEG2000, the 5-term filter is multiplied by v/2/2 and
the 3-term filter is multiplied by /2. Moreover, the filters are
“reversed” - the 5-term filter is used to build Wy,.
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THE LEGALL TRANSFORM

» The (5, 3) biorthogonal spline filter is

VE V32 VR VR o V2 V2 VR
B 4 4 4 8 TR

5

h=(- )

» For use with JPEG2000, the 5-term filter is multiplied by v/2/2 and
the 3-term filter is multiplied by /2. Moreover, the filters are
“reversed” - the 5-term filter is used to build Wy,.

» Thus we define the LeGall filter (due to Didier LeGall) by
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The LeGall wavelet transform for a 10-vector is:
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THE LEGALL TRANSFORM

The companion matrix is
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THE LEGALL TRANSFORM

» This transform still has “wrapping” problems.
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THE LEGALL TRANSFORM

» This transform still has “wrapping” problems.

» For example, the first element of the output is a weight average
using Vi, Vo, V3, Vg, Vqp.
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THE LEGALL TRANSFORM

» This transform still has “wrapping” problems.

» For example, the first element of the output is a weight average
using Vi, Vo, V3, Vg, Vqp.

» If these numbers are the first column of a digital image, there is
little reason to believe the first three and last two elements should
correlate in any way.
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EXPLOITING SYMMETRY

Let’s have a look at the Mathematica notebook
BiorthogonalSymmetry.nb

to see how to exploit the symmetry of the filters and improve the
biorthogonal wavelet transformation.

e
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EXPLOITING SYMMETRY

We modify the blue values:

P b0 00 00
4ioih fo 00 00
00 31 §i 30 00
00 00 f i Fi 4o
40 00 00 3% i

Wio =
-1 -0 00 00 00O
00 -5 1 -0 00 00
00 00 -} 1 -0 00
00 00 O0O0 -5 1 -1 0
-3 0 00 00 O0O0 -5 1

instead of periodizing v and using a larger matrix§y Uxiversity of St.THOMAS
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EXPLOITING SYMMETRY

We modify the blue values:

st -1 o 00 00 00
44 §i b0 00 00
00 i 3L 40 00
00 00 f i i 4o
00 00 00 —3 & 3 &%
Vo =
-1 -0 00 00 00O
00 -5 1 -0 00 00
00 00 -} 1 -0 00
00 00 O0O0 -5 1 -1 0
00 00 OO0 0O -1 1

instead of periodizing v and using a larger matrix§y Uxiversity of St.THOMAS
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EXPLOITING SYMMETRY

» Obviously, we need to check the invertibility of the modified
transformation.
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EXPLOITING SYMMETRY

» Obviously, we need to check the invertibility of the modified
transformation.

» Encoding methods work best if the transform maps integers to
integers.

e
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EXPLOITING SYMMETRY

» Obviously, we need to check the invertibility of the modified
transformation.

» Encoding methods work best if the transform maps integers to
integers.

» The matrix is comprised of rational numbers - not likely that they
will map integers to integers.

e

UNIVERSITY of ST THOMAS

SATURDAY, 7 JUNE, 2008 (LECTURE 9) THE LIFTING METHOD PREP 2008 5/10



EXPLOITING SYMMETRY

» Obviously, we need to check the invertibility of the modified
transformation.

» Encoding methods work best if the transform maps integers to
integers.

» The matrix is comprised of rational numbers - not likely that they
will map integers to integers.

» The transform does do a good job handling edge effects - if we
compute Wiov where v = (vy, v, ..., vig) we obtain

e
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EXPLOITING SYMMETRY

3 1 1
ZV1+§V2_ZV3

—%V1+%V2+%V3+%V4—

~FVatgVat §Vst Ve

—%V5+%Vs+%v7+%vs—%vg
—3 V7 + Vet 3 Vot 3 Vio

]
g V5

1
g V7

Wiov =
—Ivitve—1tvs
—% V3 + V4 — % Vs
—% Vs + Vg — % %4
—Svi+vs— v
—Vo + V1o
There is some hidden symmetry here:

SATURDAY, 7 JUNE, 2008 (LECTURE 9) THE LIFTING METHOD
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EXPLOITING SYMMETRY

1 1 3 1
—gVatgVatgvitgVa—
1 1 3 1
1 1 3 1
—gVatgVatgVstgVe—

0o O0I—+ 00l —+ 0ol — 0ol
5

—%V5+%V6+%V7+%V8— Vo
—%V7+%V3+%Vg+%V1o— Vg
Wiov =
—%V1+V2—%V3
—%V3+V4—%V5
—%V5+V5—%V7
1

"
V7 +Vg—35V
1 1

VW% tVio—3 W

Note the top is a weighted moving average, the bottom computes
differences. % UNIVERSITY of ST. THOMAS
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EXPLOITING SYMMETRY MAPPING INTEGERS TO INTEGERS

» How to modify the Le Gall Wavelet Transform so that it maps
integers to integers?
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EXPLOITING SYMMETRY MAPPING INTEGERS TO INTEGERS

» How to modify the Le Gall Wavelet Transform so that it maps
integers to integers?

» We could multiply the transform by 8, but that increases the range
of the output and that’s not always best for encoders.
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EXPLOITING SYMMETRY MAPPING INTEGERS TO INTEGERS

» How to modify the Le Gall Wavelet Transform so that it maps
integers to integers?

» We could multiply the transform by 8, but that increases the range
of the output and that’s not always best for encoders.

» We will see that by constructing a fast algorithm for implementing

Wy we can find a way to modify the transform so that it maps
integers to integers AND is invertible!
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EXPLOITING SYMMETRY MAPPING INTEGERS TO INTEGERS

» How to modify the Le Gall Wavelet Transform so that it maps
integers to integers?

» We could multiply the transform by 8, but that increases the range
of the output and that’s not always best for encoders.

» We will see that by constructing a fast algorithm for implementing
Wy we can find a way to modify the transform so that it maps
integers to integers AND is invertible!

» This algorithm is the one used by JPEG2000 to perform lossless
image compression.

oy .
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Let’s return to the computation Wjgv. The output is

—1§V3+%V2+§V1+%V2—%V3
71§V1+§V2+§V3+$V47§V5
B IR O RO b I
_§V5+ZV6+1V7+1V8_§1V9

1 1 3 1
—gWwtzWBtzVa+zVio—gW

W10V:
—%V1+V2—%V3
— Vet Va— 3 Vs
*%VerVe*%W
—%V7+V8_%V9
—%V9+V1o—%V9

Let’s look at the bottom half of the output:

e
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d1:—%V1+V2—%V3
th=—3Vs+Va—3Vs
d3=—%V5+V5—%V7
d4:—%V7+V8—%V9
ds=—1vo+Vio— 1o
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d1:—%V1+V2—%V3
th=—3Vs+Va—3Vs
d3=—%V5+V5—%V7
d4:—%V7+V8—%V9
ds=—1vo+Vio— 1o

» If we form “even” and “odd” vectors,
_ T _ T
e = (61)62)63)64765) - (V27V47V67V87V10)

and
0 = (01,02, 03, 04,05)" = (v4, v3, v, v7, )T

we can write

UNIVERSITY of ST. THOMAS
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d1:—%V1+V2—%V3
th=—3Vs+Va—3Vs
d3=—%V5+V5—%V7
d4:—%V7+V8—%V9
ds=—1vo+Vio— 1o

» If we form “even” and “odd” vectors,
_ T _ T
e = (61)62)63)64765) - (V27V47V67V87V10)
and
T T
0 = (04,02,03,04,05)" = (V4, V3, V5, V7, Vg)

we can write

> di = ek — 5(0k 1 + Ok), Where 0g := 0.
UNIVERSITY of ST. THOMAS
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» The so-called lifting step (due to Wim Sweldens) is evident when
we make the observation that the sum of dy and @ is related to
S». If we compute d; + d», we have
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» The so-called lifting step (due to Wim Sweldens) is evident when
we make the observation that the sum of dy and @ is related to

S». If we compute d; + d», we have

1
(o1+02)+e —*(02+O3)

d+do = e — 5

_LI\)‘_L

1
= Va5 (it vs)+va—5(vs+vs)

1 1
= —= - -~V
2V1+V2 V3 + V4 5 V5

UNIVERSITY of ST. THOMAS
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» The so-called lifting step (due to Wim Sweldens) is evident when
we make the observation that the sum of dy and @ is related to
S». If we compute d; + d», we have

1 1
di+d = 91—*(014-02)4-6 —5(02+O3)

1
= Va5 (it vs)+va—5(vs+vs)

bl \V}

1 1
= ——= — — =W
5 V1 +tVo—V3+Vy 5 V5
» The result is “close” to

1 1 3 1 1

e
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» Indeed if we divide the sum by 4 and manipulate the term
containing v3, we see that

% UNIVERSITY of ST. THOMAS
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» Indeed if we divide the sum by 4 and manipulate the term
containing v3, we see that

|

di +do
4

SATURDAY, 7 JUNE, 2008 (LECTURE 9)

! vy + ! V; ! V3 + ! V. 1 Vi
g ' 42 4B T 48"
(1v+1v+3v+1v 1v) V:
gt T gVat gVat gVa—gVs 3
So — V3
So — 02
7 UNIVERSITY of ST. THOMAS
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» Indeed if we divide the sum by 4 and manipulate the term
containing v3, we see that

|

di +do
4

» Solving for s, gives

SATURDAY, 7 JUNE, 2008 (LECTURE 9)

IR RS T P

g1t gv2— g8t 4V~ g%

1 1 3 1 1
(—§V1+ZV2+ZV3—|—ZV4—§V5)—V3
S2— V3
So — 0o

1
52202+Z(d1+d2)

UNIVERSITY of ST. THOMAS
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» Indeed if we divide the sum by 4 and manipulate the term
containing v3, we see that

>
dhade _ A, 11,11
7 R R R -
1 1 3 1 1
= (—§V1+ZV2+ZV3—|—ZV4—§V5)—V3
= S — VW3
= S — 02

» Solving for s, gives
1
52202—{—1(6’/1 —l—dz)
» In a similar manner, we can show that

1
Sk:Ok+Z(dk+dk,1), k=2,3,4,5

for .
:; UNIVERSITY of ST THOMAS
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» Some special consideration is needed for s;. We can write
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» Some special consideration is needed for s;. We can write

1 1
Vi + —V3

1
St = V3 + 2273

8
1

g2ty

= v+1v+§v
T 43T 22T g

1T,
g T2 g

( V3+2V2—V1)—|—V1

)+ v

N

(i +d1)+w

e
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» In general, we first compute
1
dkzek—§(0k+0k+1), k=1,...,N/2

where ow_ 4 := On/2, and use this result to compute
2
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» In general, we first compute
1
dkzek—§(0k+0k+1), k=1,...,N/2

where OgH := On/2, and use this result to compute
| 4

]
Sk = Ok + 4 (G + Ghe—1), k=1,...,N/2

where dp := d;.

% UNIVERSITY of ST. THOMAS
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LIFTING INVERSION

» Inverting is trivial. Given s and d, we first solve for o:

’
Okzsk_z(dk+dk—1)a k=1,...,N/2

% UNIVERSITY of ST. THOMAS
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LIFTING INVERSION

» Inverting is trivial. Given s and d, we first solve for o:
1
Ok = Sk — 4 (G + Gh—1), k=1,...,N/2
» Once we have s, we can easily solve for d to get e:

1
ek:dk+§(0k+ok+1)a k=1,...,N/2

% UNIVERSITY of ST. THOMAS
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To map integers to integers we change

]
e = €k — 5 (Ok + Ok+1), k=1,...,N/2

and ]
Sk = Ok + 4 (G + Ghe—1), k=1,...,N/2

to

f? UNIVERSITY of ST. THOMAS
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To map integers to integers we change

]
Ak = ek — 5 (Ok + Ok41), k=1,...,N/2

2
and ]
Sk = Ok + 4 (G + Ghe—1), k=1,...,N/2
to
’
di =ex— L5 (o +tok)l,  k=1,....,N/2
and
Sk =0k + [ 7 (d +dk_1) + 51, k=1,...,N/2

f? UNIVERSITY of ST. THOMAS
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To map integers to integers we change

]
Ak = ek — 5 (Ok + Ok41), k=1,...,N/2

2
and ]
Sk = Ok + 4 (G + Ghe—1), k=1,...,N/2
to
’
di =ex— L5 (o +tok)l,  k=1,....,N/2
and
Sk =0k + [ 7 (d +dk_1) + 51, k=1,...,N/2

» The +1 prevents bias.
e +2 preve ts bias f? UNIVERSITY of ST. THOMAS
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» Certainly d; and s;; are integers and we haven't altered the range
of the output by much.
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» Certainly d; and s;; are integers and we haven't altered the range
of the output by much.

» We can also exactly recover o since

1

* 1 * %
Ok = Sk — Lz(dk+dkf1)+§J,

% UNIVERSITY of ST. THOMAS
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» Certainly d; and s;; are integers and we haven't altered the range
of the output by much.

» We can also exactly recover o since

Ok = Sk — Lz(dk+dkf1)+§J,

» Can we exactly recover the g, from

1

Ok = ek — L5 (0t o)), k=1,....,N/2?

e

UNIVERSITY of ST. THOMAS

SATURDAY, 7 JUNE, 2008 (LECTURE 9) THE LIFTING METHOD PREP 2008 9/10



» Certainly d; and s;; are integers and we haven't altered the range
of the output by much.

» We can also exactly recover o since

1

* 1 * %
Ok = Sk — Lz(dk+dkf1)+§J,

» Can we exactly recover the g, from

’
Ok = ek — L5 (0t o)), k=1,....,N/2?

» Let's use e; until we are sure it is ex. We have

1

ek =0+l (0k+0oen)],  k=1,...,N/2

sy
:; UNIVERSITY of ST. THOMAS
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» The key observation is that

’ 5(0k + Ok+1), O + Oxs1 €VEN

| 5 (0k + Ok41)] =
2

S(0k + Ok11) — 3. Ok + Ok41 0dd

% UNIVERSITY of ST. THOMAS
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» So

1 a Ok + Ox.1 €ven
df = ex— | { k> k + Ok+1

and

% UNIVERSITY of ST. THOMAS
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» So

1 dk, Ok -+ Ok.1 €ven
O = ek — | (0k+0k+1)J:{ -

2 Ok + %, Ok + Ok 0dd
and
»
* * 1
e = Oc+ L§(0k+ Ok+1)]
_ { di + % (0k + Ok41) Ok + Ok41 €even
Ok + 5+ 5(0k + Ok1) — 3, Ok + 011 0dd

% UNIVERSITY of ST. THOMAS
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These formulas are easy to code in Mathematica. Let’s have a look at
the notebook

LiftingJPEG2000.nb

% UNIVERSITY of ST. THOMAS
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N
TODAY’S SCHEDULE

9:00-10:15 Lecture Nine: The Lifting Method
10:15-10:30 =-Coffee Break (OSS 237)
10:30-11:45 Lecture Ten: JPEG and JPEG2000
11:45-12:00 Evaluations/Wrap Up

12:00-1:00 Lunch (Cafeteria)
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