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TODAY’S SCHEDULE

TODAY’S SCHEDULE

9:00-10:15 Lecture Six: Daubechies Filters
10:15-10:30 Coffee Break (OSS 235)
10:30-11:45 =-Lecture Seven: Denoising
12:00-1:00 Lunch (Cafeteria)
1:15-2:30 Lecture Eight: Biorthogonal Filters
2:30-2:45 Coffee Break (OSS 235)

2:45-4:15 Computer Session Four: Symmetry in Biorthogonal
Wavelet Transform

5:30-6:30 Dinner (Cafeteria)
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AN OVERVIEW OF THE DENOISING PROBLEM THE PROBLEM

AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» Suppose we observe the vector y € RN where

y=v-+e
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» Suppose we observe the vector y € RN where

y=v-+e

» Here v is the true signal and e = (ey, ..., ey) is Gaussian white
noise.
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AN OVERVIEW OF THE DENOISING PROBLEM THE PROBLEM

AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» Suppose we observe the vector y € RN where
y=v+e

» Here v is the true signal and e = (ey, ..., ey) is Gaussian white
noise.

» You can think of the e, as independent samples that are normally
distributed with mean 0 and variance o2.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» Suppose we observe the vector y € RN where
y=v+e

» Here v is the true signal and e = (ey, ..., ey) is Gaussian white
noise.

» You can think of the e, as independent samples that are normally
distributed with mean 0 and variance o2.

» Since the mean of the noise is 0, we expect the components of y
to underestimate and overestimate the true signal.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» o is also known as the noise level.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» o is also known as the noise level.

» o is usually unknown and we often have to estimate it for
de-noising.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

Here is an example of a signal and a noisy version of it (o = 1/2).
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THE PROBLEM

Here is the algorithm for denoising:

» Compute i iterations of the wavelet transformation on y to obtain
the transformed vector z. Call the lowpass (approximation) portion
£ and the highpass (details) portions d.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

Here is the algorithm for denoising:

» Compute i iterations of the wavelet transformation on y to obtain
the transformed vector z. Call the lowpass (approximation) portion
£ and the highpass (details) portions d.

» Apply a threshold rule to the highpass portions d of z. This
threshold rule is described below. The rule will either “shrink” or
set to 0 values in d.
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THE PROBLEM

Here is the algorithm for denoising:

» Compute i iterations of the wavelet transformation on y to obtain
the transformed vector z. Call the lowpass (approximation) portion
£ and the highpass (details) portions d.

» Apply a threshold rule to the highpass portions d of z. This
threshold rule is described below. The rule will either “shrink” or
set to 0 values in d.

» Rejoin these modified highpass portions with the originaIA lowpass
portion of z to form a modified transform vectorz =[ ¢ | d ].
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» Compute i iterations of the inverse wavelet transformation of 2 to
obtain v. The N-vector v should be a denoised version of v.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» Compute i iterations of the inverse wavelet transformation of 2 to
obtain v. The N-vector v should be a denoised version of v.

» We will use the E(||v — V||?) to determine the effectiveness of our
denoising method.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» In all our applications to date, we have been using hard
thresholding.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» In all our applications to date, we have been using hard
thresholding.

» That is, once we pick a threshold, we either keep a value if it is
larger than the threshold, or convert it to 0 if it is smaller than the
threshold.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» In all our applications to date, we have been using hard
thresholding.

» That is, once we pick a threshold, we either keep a value if it is
larger than the threshold, or convert it to 0 if it is smaller than the
threshold.

» For de-noising (and actually JPG2000), we use soft thresholding.
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THE PROBLEM

» To apply soft thresholding to vector w, we select a tolerance A > 0.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» To apply soft thresholding to vector w, we select a tolerance A > 0.
> If [w| < A, then wy is set to 0.
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THE PROBLEM

» To apply soft thresholding to vector w, we select a tolerance A > 0.
> If [w| < A, then wy is set to 0.
» If |wk| > A, then we shrink wy so that it is A units closer to 0.
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» To apply soft thresholding to vector w, we select a tolerance A > 0.
> If [w| < A, then wy is set to 0.

» If |wk| > A, then we shrink wy so that it is A units closer to 0.
» We can describe this process with a so-called shrinkage function:
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THE PROBLEM

t— A, t> A
S)\(t): 0, A<t
t+ A, < =X

f? UNIVERSITY of ST. THOMAS

FRIDAY, 6 JUNE, 2008 (LECTURE 8.5) APPLICATION: SIGNAL DENOISING PREP 2008 4/8



AN OVERVIEW OF THE DENOISING PROBLEM THE PROBLEM
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THE PROBLEM

» Example: Soft threshold w = (2.6, -3.1,.5,1.9,6,4, —1) when
A=2
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THE PROBLEM

» Example: Soft threshold w = (2.6, -3.1,.5,1.9,6,4, —1) when
A=2
» Answer: (.6,—1.1,0,0,4,2,0)
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AN OVERVIEW OF THE DENOISING PROBLEM

THE PROBLEM

» Example: Soft threshold w = (2.6, -3.1,.5,1.9,6,4, —1) when
A=2

» Answer: (.6,—1.1,0,0,4,2,0)

» Since we are using a shrinkage function, this de-noising process
is often called Wavelet Shrinkage.
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AN OVERVIEW OF THE DENOISING PROBLEM

WHY DOES WAVELET SHRINKAGE WORK?

» Perform one iteration of the wavelet transformony =v + e to
obtain
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AN OVERVIEW OF THE DENOISING PROBLEM

WHY DOES WAVELET SHRINKAGE WORK?

» Perform one iteration of the wavelet transformony =v + e to
obtain

z = Wyy = Wy(v+e) = Wyv + Wye
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AN OVERVIEW OF THE DENOISING PROBLEM

WHY DOES WAVELET SHRINKAGE WORK?

» Perform one iteration of the wavelet transformony =v + e to
obtain

z = Wyy = Wy(v+e) = Wyv + Wye

» Recall the basic structure of Wyv.
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AN OVERVIEW OF THE DENOISING PROBLEM

WHY DOES WAVELET SHRINKAGE WORK?

» Perform one iteration of the wavelet transformony =v + e to
obtain

z = Wyy = Wy(v+e) = Wyv + Wye

» Recall the basic structure of Wyv.

» Most of the energy is stored in the lowpass portion of Wyv while
the highpass portion is sparse by comparison.
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AN OVERVIEW OF THE DENOISING PROBLEM

WHY DOES WAVELET SHRINKAGE WORK?

» What about Wye?
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AN OVERVIEW OF THE DENOISING PROBLEM

WHY DOES WAVELET SHRINKAGE WORK?

» What about Wye?

» You can show that if e is a Gaussian white noise vector, than so is
Wye with noise level ¢!
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WHY DOES WAVELET SHRINKAGE WORK?

» What about Wye?

» You can show that if e is a Gaussian white noise vector, than so is
Wye with noise level ¢!

» Since the highpass portion of Wyv, then the highpass portion of
Wy is primarily noise!
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AN OVERVIEW OF THE DENOISING PROBLEM

WHY DOES WAVELET SHRINKAGE WORK?

» What about Wye?

» You can show that if e is a Gaussian white noise vector, than so is
Wye with noise level ¢!

» Since the highpass portion of Wyv, then the highpass portion of
Wy is primarily noise!

» The major task at hand is how to choose \?
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VISUSHRINK

» We will discuss two methods for finding .

% UNIVERSITY of ST. THOMAS

FRIDAY, 6 JUNE, 2008 (LECTURE 8.5) APPLICATION: SIGNAL DENOISING PREP 2008 6/8



VISUSHRINK

» We will discuss two methods for finding A.
» Both are due to David Donoho and lain Johnstone (Stanford).
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VISUSHRINK

» We will discuss two methods for finding A.
» Both are due to David Donoho and lain Johnstone (Stanford).

» The first one is called VISUShrink - we will not discuss the details
of this method.

e
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VISUSHRINK

» We will discuss two methods for finding A.
» Both are due to David Donoho and lain Johnstone (Stanford).

» The first one is called VISUShrink - we will not discuss the details
of this method.

» The tolerance returned by the VISUShink method is the so-called

universal threshold .
A = g+/2In(N)

e
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VISUSHRINK

» \U"V is data-size dependent - N is the length of the highpass
portions of the wavelet transforms.
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VISUSHRINK

» \U" s data-size dependent - N is the length of the highpass
portions of the wavelet transforms.

» and tends to take too much away from the true high-pass portion
of the signal.
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VISUSHRINK

» \U"V is data-size dependent - N is the length of the highpass
portions of the wavelet transforms.

» and tends to take too much away from the true high-pass portion
of the signal.

» \U"V also requires the noise level so we had to estimate o.
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VISUSHRINK

» To estimate the noise, Donoho and Johnstone suggest we use the
first iteration of the highpass portion of the transform. The true
signal present here is sparse by comparison to the remaining
terms so the first highpass portion hp' is primarily noise.
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VISUSHRINK

» To estimate the noise, Donoho and Johnstone suggest we use the
first iteration of the highpass portion of the transform. The true
signal present here is sparse by comparison to the remaining
terms so the first highpass portion hp' is primarily noise.

» Donoho and Johnstone suggest we use a theorem due to F.
Hampel that allows us to infer that o can be estimated by

& = MAD(hp')/.6745

e

UNIVERSITY of ST THOMAS

FRIDAY, 6 JUNE, 2008 (LECTURE 8.5) APPLICATION: SIGNAL DENOISING PREP 2008 6/8



VISUSHRINK

Here MAD is the Median Absolute Deviation:

MAD(V) = (V1 — Vimed|s - - -, VYN — Vimed|) med
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VISUSHRINK

Let’s look at some examples in the Mathematica notebook/Matlab
m-file

Denoising.nb/Denoising.m
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SURESHRINK

» Another method suggested by Donoho and Johnstone is based on
Stein’s Unbiased Risk Estimator and is thus called SUREShrink.
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SURESHRINK

» Another method suggested by Donoho and Johnstone is based on
Stein’s Unbiased Risk Estimator and is thus called SUREShrink.

» To cover this in class, the students must have had some
multivariable calculus.

e
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SURESHRINK

» Another method suggested by Donoho and Johnstone is based on
Stein’s Unbiased Risk Estimator and is thus called SUREShrink.

» To cover this in class, the students must have had some
multivariable calculus.

» We won’t do the derivations, but to understand how Stein’s
theorem is used, it is handy to write the shrinkage process as a
vector-valued function.
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SURESHRINK

» Another method suggested by Donoho and Johnstone is based on
Stein’s Unbiased Risk Estimator and is thus called SUREShrink.

» To cover this in class, the students must have had some
multivariable calculus.

» We won’t do the derivations, but to understand how Stein’s
theorem is used, it is handy to write the shrinkage process as a
vector-valued function.

» We will write

=
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. SURESHRINK|
SURESHRINK

THEOREM (STEIN)

Suppose the N-vector w is formed by adding N-vectors z and . That
is,W =2+ e where e = (e1,...,en) and each e is normally distributed
with mean 0 and variance 1. Let 2 be the estimator formed by

zZ=w+g(w)

where the coordinate functions gx : RN — R of the vector-valued
function g : RN — RN are differentiable except for a finite number of
points.

oy .
:; UNIVERSITY of ST THOMAS
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SURESHRINK

SURESHRINK

THEOREM (STEIN - CONTINUED)
Then

N
E(lz-2?) = <N+ Isw)® +23 fwkgk(w)>
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SURESHRINK

» To apply Stein’s theorem to our problem:
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SURESHRINK

» To apply Stein’s theorem to our problem:

» w as the highpass portion of the wavelet transform of our
observed signaly = v +e.

e
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SURESHRINK

» To apply Stein’s theorem to our problem:
» w as the highpass portion of the wavelet transform of our
observed signaly = v +e.

» zis the highpass portion of the wavelet transform of the true signal
v

e
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SURESHRINK

» To apply Stein’s theorem to our problem:

» w as the highpass portion of the wavelet transform of our
observed signaly = v +e.

» zis the highpass portion of the wavelet transform of the true signal
v

» ¢ is the highpass portion of the wavelet transform of the noise e

e
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SURESHRINK

» We just need to define g so that z = s, (w).
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SURESHRINK

» We just need to define g so that z = s, (w).
» We take

so that

e
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SURESHRINK

» What Stein’s Theorem gives us is a an alternative way to write the
mean square error E (|2 — z||?).
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SURESHRINK

» What Stein’s Theorem gives us is a an alternative way to write the
mean square error E (|2 — z||?).

» We can certainly simplify the argument of the expected value on
the right hand side of the theorem to obtain an equation with only
A unknown.
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SURESHRINK

» What Stein’s Theorem gives us is a an alternative way to write the
mean square error E (|2 — z||?).

» We can certainly simplify the argument of the expected value on
the right hand side of the theorem to obtain an equation with only
A unknown.

» Thus we must minimize the function

N
) = N+ fs(w) — w2 +2 3 2 (s (w) — w)
k:1

e
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SURESHRINK

» The kth component of sx(w) — w is simply
S)\(Wk) — Wy

and this is a piecewise linear function.

% UNIVERSITY of ST. THOMAS
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SURESHRINK

» The kth component of sx(w) — w is simply

S,\(Wk) — Wy

and this is a piecewise linear function.

» It is straightforward to compute the sum of the squares and the
sum of the partials.

UNIVERSITY of ST. THOMAS
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SURESHRINK

When all the simplifying is complete, the function we need to minimize
is

N
() =N—2-#{k : [w| <A} + D min(wg, \?)
k=1

a piecewise quadratic (with each piece opening up) with breaks at the
|wk|! So to minimize, we simply check all the |wk| in the function and
choose ) to be the |wy| that makes f smallest.

e
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Example: Considerw = (1,1.1,2,2,2.4).

f? UNIVERSITY of ST. THOMAS
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54+5X\, 0<\<1
444X 1<A<1A1
f(AN) =< 321+3)2 11<A<2
7214+)2, 2<)A<24
10.97, 2.4 <\

% UNIVERSITY of ST. THOMAS
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08 (LECTURE 8.5)
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Let’s look at some examples in the Mathematica notebook/Matlab
m-file

Denoising.nb/Denoising.m

% UNIVERSITY of ST. THOMAS
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N
TODAY’S SCHEDULE

9:00-10:15 Lecture Six: Daubechies Filters
10:15-10:30 Coffee Break (OSS 235)
10:30-11:45 Lecture Seven: Denoising
12:00-1:00 =-Lunch (Cafeteria)
1:15-2:30 Lecture Eight: Biorthogonal Filters
2:30-2:45 Coffee Break (OSS 235)

2:45-4:15 Computer Session Four: Symmetry in Biorthogonal
Wavelet Transform

5:30-6:30 Dinner (Cafeteria)

e
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