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TODAY’S SCHEDULE

TODAY’S SCHEDULE

9:00-10:15 ⇒Lecture Nine: Fourier Series and Filter Design
10:15-10:30 Coffee Break (SCA 202)
10:30-11:45 Lecture Ten: Biorthogonal Filters
12:00-1:30 Lunch

1:30-?? Excursion

THURSDAY, 4 JUNE, 2009 (LECTURE 9) FOURIER SERIES PREP 2009 2 / 9



TODAY’S SCHEDULE

OUTLINE

TODAY’S SCHEDULE

FOURIER SERIES
Classical Results
Student Difficulties
Finite Length Fourier Series
An Important Identity
Fourier Series and Lowpass Conditions
The Fourier Series of the Highpass Filter
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FOURIER SERIES CLASSICAL RESULTS

I Let’s start by recalling Euler’s formula:

eiω = cos ω + i sin ω

I We immediately obtain

cos ω =
eiω + e−iω

2
sin ω =

eiω − e−iω

2i

I It can be shown that the set of functions ek (ω) = eikω, k ∈ Z,
satisfy ∫ π

−π
eikωeijω dω =

{
2π j = k

0 j 6= k
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FOURIER SERIES CLASSICAL RESULTS

I The family {eikω}k∈Z forms a basis for all suitably regular
2π-periodic functions.

I A Fourier Series for 2π-periodic function f (ω) is

f (ω) =
∑

k

ckeikω

where
ck =

1
2π

∫ π

−π
f (ω)e−ikω dω

are called the Fourier coefficients.
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FOURIER SERIES CLASSICAL RESULTS

If we take f (ω) = ω on the interval [−π, π] and then 2π-periodically
extend it, we can use integration by parts to write

f (ω) = i
∑
k 6=0

(−1)k

k
eikω = −2

∞∑
k=1

(−1)k

k
sin(kω)
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FOURIER SERIES CLASSICAL RESULTS

Here are some partial Fourier series:

Original 0 Terms 3 Terms

10 Terms 20 Terms 50 Terms
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FOURIER SERIES CLASSICAL RESULTS
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FOURIER SERIES CLASSICAL RESULTS

I Calculate some Fourier series by hand.

I Discover and prove some rules for Fourier series:
I Translation Rule: If

f (ω) =
∑

k

ckeikω

and g(ω) = f (ω − a), then the Fourier coefficients for g(ω) are
e−ikack .
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FOURIER SERIES CLASSICAL RESULTS

Let’s have a look at the notebook Fourier.nb
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FOURIER SERIES STUDENT DIFFICULTIES

I Students, at least at this level, never seem to grasp the ideas
behind why one would want to compute a Fourier series.

I You can talk about them in terms of solving differential equations
. . .

I But it’s kind of like Taylor’s series to them: Why take a perfectly
good function and make an infinite series out of it?

I This class gives a wonderful arena for demonstrating the
usefulness of Fourier series.
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FOURIER SERIES STUDENT DIFFICULTIES

I There are three important uses for Fourier series in this course.
Students need:

I to build and manipulate finite length Fourier series and what they
say about filters. (i.e. what do engineers do with them)

I the ability to extract the coefficients from a Fourier series to obtain a
filter.

I to know how to manipulate one Fourier series (say by conjugation,
multiplication by a complex exponential, translation) to write down
another.
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FOURIER SERIES FINITE LENGTH FOURIER SERIES

I In a typical math class (like the start of this one!), we give a
student a 2π-periodic function f (ω), they integrate by parts,
simplify, and obtain the Fourier coefficients for the Fourier series
of f (ω).

I The engineers do it just the opposite way: They know that the
coefficients are what’s used to process signals or images, so they
will create a (usually finite) list of coefficients (by various means),
plug them into a Fourier series, and analyze the result.

I Let’s look at an example:
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FOURIER SERIES FINITE LENGTH FOURIER SERIES

I Let’s go back to the Haar filter h0 = h1 =
√

2
2 .

I The Fourier series is simply

H(ω) =

√
2

2
+

√
2

2
eiω

=

√
2

2

(
1 + eiω

)
=

√
2

2
eiω/2

(
e−iω/2 + eiω/2

)
=

√
2eiω/2 cos

(ω

2

)
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FOURIER SERIES FINITE LENGTH FOURIER SERIES

|H(ω)| =
√

2
2

cos
(ω

2

)
≥ 0

when ω ∈ [−π, π].

|H(ω)|
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FOURIER SERIES FINITE LENGTH FOURIER SERIES

I The modulus of H(ω) tells the engineer much about the sequence
{hk}.

I As we saw in the HWT lecture, these hk ’s are used in a matrix to
transform signals or images.

I In the case of this particular sequence, the modulus is maximized
at ω = 0 (lowest oscillation in H(ω)) and minimized at ω = π
(highest oscillation in H(ω)). So when this sequence is used to
process data, it will tend to leave low oscillations in data largely
unchanged and dampen high oscillations in data.
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FOURIER SERIES AN IMPORTANT IDENTITY

Let’s look again at the graph of |H(ω)| =
√

2 cos
(

ω
2

)
on [0, π] and also

at the graph of |H(ω + π)| on [0, π].

|H(ω)|, |H(ω + π)|

It looks like if we add these graphs, we might get a constant function.
That’s close but not quite correct. On the other hand . . .
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FOURIER SERIES AN IMPORTANT IDENTITY

|H(ω)| =
√

2 cos
(

ω
2

)
implies that

|H(ω + π)| =
√

2 cos
(

ω + π

2

)
=
√

2 cos
(ω

2
+

π

2

)
= −

√
2 sin

(ω

2

)
So adding |H(ω)| and |H(ω + π)| doesn’t produce a constant function.
However, if we add the modulus squared of each function we obtain

|H(ω)|2 + |H(ω + π)|2 = 2 cos2
(ω

2

)
+ 2 sin2

(ω

2

)
= 2
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FOURIER SERIES AN IMPORTANT IDENTITY

Let’s consider the differences filter g0 = −
√

2
2 and g1 =

√
2

2 . If we form
the Fourier series G(ω) we have

G(ω) = −
√

2
2

+

√
2

2
eiω

=

√
2

2
eiω/2

(
−e−iω2 + eiω/2

)
= i

√
2 sin

(ω

2

)
so that

|G(ω)| =
√

2
∣∣ sin

(ω

2

)∣∣

THURSDAY, 4 JUNE, 2009 (LECTURE 9) FOURIER SERIES PREP 2009 7 / 9



FOURIER SERIES AN IMPORTANT IDENTITY

|G(ω)|

We interpret this graph by noting that the filter that created this Fourier
series dampens (or annihilates) near–constant data and preserves
highly oscillatory data. Moreover
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FOURIER SERIES AN IMPORTANT IDENTITY

|G(ω)|2 + |G(ω + π)|2 = 2 sin2
(ω

2

)
+ 2 sin2

(ω

2
+

π

2

)
= 2 sin2

(ω

2

)
+ 2 cos2

(ω

2

)
= 2
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FOURIER SERIES AN IMPORTANT IDENTITY

This identity also holds true for all the Daubechies orthogonal filters as
well. Let’s have a look at the notebook Fourier.nb
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FOURIER SERIES AN IMPORTANT IDENTITY

We have the following result

THEOREM
Suppose A(ω) =

∑
k

akeikω is a Fourier series. Then

|A(ω)|2 + |A(ω + π)|2 = A(ω)A(ω) + A(ω + π)A(ω + π) = 2

if and only if∑
k

a2
k = 1 and

∑
k

akak−2m = 0, m 6= 0

The bottom two equations are the orthogonality conditions for our
Daubechies filters!!
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FOURIER SERIES AN IMPORTANT IDENTITY

The proof is straightforward – we have

A(ω)A(ω) =
∑

k

akeikω ·
∑

`

a`e−i`ω

=
∑

k

∑
`

aka`ei(k−`)ω

Replacing ω by ω + π above gives
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FOURIER SERIES AN IMPORTANT IDENTITY

A(ω + π)A(ω + π) =
∑

k

∑
`

aka`ei(k−`)(ω+π)

=
∑

k

∑
`

aka`ei(k−`)ω(−1)k−`

so that

|A(ω)|2 + |A(ω + π)|2 =
∑

k

∑
`

aka`ei(k−`)ω
(

1 + (−1)k−`
)

Now let m = k − ` so that ` = k −m. Making this substitution above
yields
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FOURIER SERIES AN IMPORTANT IDENTITY

|A(ω)|2 + |A(ω + π)|2 =
∑

k

∑
m

akak−meimω (1 + (−1)m)

When m is odd, the terms are zero so we can further simplify to obtain

|A(ω)|2 + |A(ω + π)|2 = 2
∑

m

(∑
k

akak−2m

)
e2imω

Now if
∑
k

a2
k = 1 and

∑
akak−2m = 0 for m 6= 0, then the right–hand

side above reduces to 2.

On the other hand, if the left–hand side is 2, then we obtain
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FOURIER SERIES AN IMPORTANT IDENTITY

1 =
∑

m

(∑
k

akak−2m

)
e2imω

The left–hand side is a Fourier series with one non–zero coefficient.
This coefficient is the m = 0 term in the series. So on the right–hand
side, it must be that the m = 0 coefficient is 1 and the m 6= 0 terms are
zero. �

This theorem gives rise to many ancillary important results:
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FOURIER SERIES AN IMPORTANT IDENTITY

I We can show if h = (h0, . . . , hL), |H(ω)|2 + |H(ω + π)|2 = 2 and
gk = (−1)khL−k , then

|G(ω)|2 + |G(ω + π)|2 = 2

so that
∑
k

g2
k = 1 and

∑
gkgk−2m = 0 for m 6= 0. This is

orthogonal of the highpass coefficients!

I We can mimic the above theorem and proof to show that

A(ω)B(ω) + A(ω + π)B(ω + π) = 0

if and only if
∑
k

akbk−2m = 0 for all m.

I If we let H(ω) = A(ω) and G(ω) = B(ω) in the above theorem,
then we have a result that says the rows in top and bottom halves
of the wavelet matrix are orthogonal to each other!
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FOURIER SERIES AN IMPORTANT IDENTITY

I We can also state a result that is fundamental to the development
of biorthogonal filters:

A(ω)B(ω) + A(ω + π)B(ω + π) = 2

if and only if
∑
k

akbk = 1 and
∑
k

akbk−2m = 0 for m 6= 0.

I To summarize, we can write down all the orthogonality conditions
satisfied by the lowpass filter h = (h0, . . . , hL) in terms of the
Fourier relation

H(ω)H(ω) + H(ω + π)H(ω + π) = 2

I Next question: Can we write the linear equations from our system
for obtaining Daubechies coefficients in terms of Fourier series as
well??
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FOURIER SERIES FOURIER SERIES AND LOWPASS CONDITIONS

Let’s return to the system for finding the Daubechies 4–term filter:

h2
0 + h2

1 + h2
2 + h2

3 = 1
h0h2 + h1h3 = 0

h0 + h1 + h2 + h3 =
√

2
h0 − h1 + h2 − h3 = 0

h1 − 2h2 + 3h3 = 0

If H(ω) = h0 + h1eiω + h2e2iω + h3e3iω, then the top two equations are
characterized by the relation

H(ω)H(ω) + H(ω + π)H(ω + π) = 2
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FOURIER SERIES FOURIER SERIES AND LOWPASS CONDITIONS

Let’s look at the bottom three (linear) equations

h0 + h1 + h2 + h3 =
√

2
h0 − h1 + h2 − h3 = 0

h1 − 2h2 + 3h3 = 0

and a graph of |H(ω)|.

|H(ω)|

THURSDAY, 4 JUNE, 2009 (LECTURE 9) FOURIER SERIES PREP 2009 8 / 9



FOURIER SERIES FOURIER SERIES AND LOWPASS CONDITIONS

I Note that |H(0)| =
√

2 so that H(0) = ±
√

2. But

H(0) = h0 + h1 + h2 + h3

and our system requires this sum to be
√

2.

I Also, |H(π)| = 0 so that H(π) = 0. But

H(π) = h0 + h1eπi + h2e2πi + h3e3πi = h0 − h1 + h2 − h3

and our system requires this sum to be zero.
I What about the last equation?
I If we compute the derivative of H(ω) and evaluate it at ω = π, we

obtain
H ′(ω) = ih1eiω + 2ih2e2iω + 3ih3e3iω

and
H ′(π) = −ih1 + 2ih2 − 3ih3 = −i(h1 − 2h2 + 3h3)

and this is the last equation with H ′(π) = 0!
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FOURIER SERIES FOURIER SERIES AND LOWPASS CONDITIONS

So we can write the system

h2
0 + h2

1 + h2
2 + h2

3 = 1
h0h2 + h1h3 = 0

h0 + h1 + h2 + h3 =
√

2
h0 − h1 + h2 − h3 = 0

h1 − 2h2 + 3h3 = 0

as

|H(ω)|2 + |H(ω + π)|2 = 2

H(0) =
√

2
H(π) = 0
H ′(π) = 0
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FOURIER SERIES FOURIER SERIES AND LOWPASS CONDITIONS

I What about the system

h2
0 + h2

1 + h2
2 + h2

3 + h2
4 + h2

5 = 1
h0h2 + h1h3 + h2h4 + h3h5 = 0

h0h4 + h1h5 = 0

h0 + h1 + h2 + h3 + h4 + h5 =
√

2
h0 − h1 + h2 − h3 + h4 − h5 = 0
h1 − 2h2 + 3h3 − 4h4 + 5h5 = 0

h1 − 4h2 + 9h3 − 16h4 + 25h5 = 0

I We can write this system in terms of the Fourier series as

|H(ω)|2 + |H(ω + π)|2 = 2

H(0) =
√

2

H(m)(π) = 0, m = 0, 1, 2

I We can easily generalize this result to arbitrary even length
orthogonal filters.
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FOURIER SERIES THE FOURIER SERIES OF THE HIGHPASS FILTER

I We have one task remaining –

I How do we write the Fourier series G(ω) of the highpass filter
coefficients in terms of the Fouriers series H(ω) of the lowpass
filter?

I Suppose h = (h0, . . . , hL), L odd, with

H(ω) =
L∑

k=0

hkeikω

I Define highpass filter g where gk = (−1)khL−k . That is, we obtain
g by reversing the coefficients in h and alternating the signs.

I Homework: Show that

G(ω) = −eiLωH(ω + π)
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