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CSUMS Seminar 5: Assignment on Fixed-Point Methods and Newton’s Method

Number 1 below is due on Wednesday, October 22, 2008. Number 2 is due by noon on Tuesday, October
28, 2008. Please keep in mind that you will receive another small assignment on 10/22/08 that will be due
on 10/28/08.

1. Recall the nonlinear system from your last homework assignment.
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2 − x1 − 10x2 + 8 = 0.

The associated fixed-point problem that you used for fixed-point iteration and the Gauss-Seidel method
is
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(a) Use the Contraction Mapping Theorem to show that G = (g1, g2)
T : D ⊂ R2 → R2 has a unique

fixed point in
D = {(x1, x2)

T | 0 ≤ x1, x2 ≤ 1.5}

and that x
(k) = G(x(k−1)) converges to a unigue fixed point if x

(0) ∈ D.

(b) Use the Contraction-Mapping Theorem to show that G is not guaranteed a fixed point in

D = {(x1, x2)
T | 2 ≤ x1, x2 ≤ 4}

nor that the sequence generated by x
(k) = G(x(k−1)) is guaranteed to converge if a fixed-point

does exist.

Note that the Contraction Mapping Theorem does not indicate a fixed point definitely does not exist
if the appropriate assumptions are not satisfied. It only specifies the conditions under which a fixed
point is guaranteed to exists. The same hold true for the portion of the theorem that guarantees
covergence.

For help on this problem you can follow Example 2 in Section 10.1 in Burden and Faires.

2. For the following problem you will program Newton’s Method for nonlinear systems with a finite-
difference approximation of the Jacobian matrix.

Consider the collection of 50 nonlinear springs in series illustrated below. Each spring is connected by
what is termed a node, which for the purposes of this exercise is assumed to be massless.
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The force in springs 1-25 and 36-50, Fi, where the i refers to the ith spring, is given by

Fi = ki(∆ui)
9/11, (1)

where ki = 1 + x
20 is a spatially variable spring constant of the ith spring and ∆ui = ui − ui−1 is the

change in length from the resting length of this spring. The variable ui represents the displacement,
i.e. the distance that something moves from its original position, of the ith node. Springs 26-35 are
linear, and the force generated by stretching or compressing them is given by

Fi = k(∆ui). (2)

The spring constant k = 2 is the same for all of these springs.

The goal of your program will be to determine the displacement of each node in the system given a
force F applied to the right-most node (see illustration above). To do this, we must ensure that the
forces balance at each node. For a node i the force balance equation is

Fi+1 − Fi = 0,

which indicates that the force from the spring on one side of the node must balance the force of the
spring on the other side of the node. Depending on the location of the node, the force in the spring
will be given by (1) or (2). The force balance equation for node 50 incorporates the applied force such
that the force balance equation for this node is

F − F50 = 0.

To determine the displacements one needs to solve the nonlinear system of 50 equations and 50 un-
knowns numerically. The Matlab function F(u) which respresents the system described above can be
downloaded along with this assignment as the file FSpring.m.

Your assignment is to write a program that uses Newton’s Method to solve for the displacements. Use
finite differences with ǫ = 0.01 to approximate your Jacobian matrix. For example, the entry ∂f3

∂u20

should be approximated by
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where u
(k) refers to the approximate displacement at the kth iteration of Newton’s Method. It may be

useful to write the code for the approximation of the Jacobian matrix as a separate Matlab function.

As discussed in class, for each nonlinear iteration, you need to solve a linear system. Use fixed-point
iteration to solve these linear systems.

Last, but not least, be sure to include appropriate stopping criteria in your code: (i) stop when a
tolerance of ||u(k) − u

(k−1)||∞ < 10−5 and (ii) stop when a maximum number of (either nonlinear or
linear) iterations reaches a maximum value.

(a) When coding large programs it is often beneficial to test whether your code works correctly for a
simple case. To test your code, initially let F = 0. If there is no force applied to the last node,
all displacements should be zero.

(b) Solve for the displacements when F = 1.0; you are pulling your system of springs to the right.

(c) Solve for the displacements when F = −0.2; you are pushing your system of springs to the left.

(d) Try playing around with the finite difference parameter ǫ. Does it have a lot of effect on your
final solution and how quickly you converge to it?


